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Matrix Factorizations in Data Mining
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Data is often squeezed to be two-way!
2-way
Social networks : <users, keywords>

<employee, employee>
<users, users>

Text mining: < documents, terms>
Recommender
Systems: <customers, items>

Computer vision: <people, pixels>

Neuroscience: <electrodes, time>

keywords

users

simula



Data is often squeezed to be two-way!

2-way Multi-way
Social networks : <users, keywords> < users, keywords, time>
<employee, employee> < employee, employee, time>
<users, users> < users, users, communication type>
Text mining: < documents, terms> < documents, terms, terms>
Recommender
Systems: <customers, items> <customers, items, tags>
Computer vision: <people, pixels> <people, pixels, viewpoints>
Neuroscience: <electrodes, time> <electrodes, time, frequency>

<electrodes, time, subjects>
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Data is often multi-way!
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Matrix Factorizations in Data Mining

— — —
Matrix Factorizations - "N'I "‘I + "'I
| e | | e | | s |
Matrix Completion m ~ I + I +...+| — ﬂ

Data sets are often multi-way: Tensor Factorizations

Z
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Data sets often come from multiple sources: Data Fusion

Coupled Matrix Factorizations g
Coupled Tensor Factorizations ‘ m




Motivation(1): Joint analysis of measurements from multiple platforms
has the potential to enhance biomarker discovery

Neuroscience: The complexity of the human brain often necessitates the use of multiple
neuroimaging techniques to better understand neural activities. Neuroimaging techniques

provide complementary information at different scales. Functional Magnetic

EEG (electroencephalography) Resonance Imaging (fMRI)

Structural oo 5
MRI (sMRI) e [ =
= oA
) W) <G W) W) ) ) )
voxels B [ (Vo] [l e S [Nowl) Banid
voxels

subjects

time samples

Can we jointly analyze these data sets and capture functional/structural patterns
that differ between healthy controls and patients suffering from a disorder?



Motivation(1): Joint analysis of measurements from multiple platforms
has the potential to enhance biomarker discovery

Metabolomics: The goal is to detect a wide range of metabolites in biological samples,
e.g., blood or urine, and to discover the significant metabolic biomarkers related to
certain conditions such as food intake or various diseases.

LC-MS EEM (Fluorescence NMR (Nuclear
(Liquid Chromatography- Spectroscopy) Magnetic Resonance)
Mass Spectrometry)
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Motivation(1): Joint analysis of measurements from multiple platforms
has the potential to enhance biomarker discovery

Metabolomics: The goal is to detect a wide range of metabolites in biological samples,
e.g., blood or urine, and to discover the significant metabolic biomarkers related to
certain conditions such as food intake or various diseases.

LC-MS EEM (Fluorescence NMR (Nuclear
(Liquid Chromatography- Spectroscopy) Magnetic Resonance)
Mass Spectrometry)
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samples
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How can we jointly analyze these coupled data sets and
capture the underlying patterns related to various conditions?
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Motivation(2): Data fusion can improve missing data estimation
performance

Recommender Systems: The goal is to recommend users activities that they may be
interested in doing at various locations.

users

(7))
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9 activities B Z
2 Y 8
" 9
Users rarely tag their
locations/activities features
locations number of points of
interest at different
where they usually locations

hang out based on
GPS data



Motivation(2): Data fusion can improve missing data estimation
performance

Recommender Systems: The goal is to recommend users activities that they may be
interested in doing at various locations.

users
users

z /

locations activities features locations activities features

How can we fill in missing entries of the tensor
using additional sources of information?
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Tutorial Outline

Matrix Factorizations

Tensor Factorizations

Data Fusion based on Coupled
Matrix and Tensor Factorizations




Matrix Factorizations

Matrix Factorizations, e.g., SVD (Singular Value Decomposition), NMF (Nonnegative Matrix
Factorization), and Sparse Matrix Factorizations, are commonly used in data mining.
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Matrix Factorizations: Finding Underlying Structures

We can use SVD to find the underlying structures in a data set. For instance, using SVD of a users

by movies matrix, we can capture the movie types and user groups.
movies

o1 +02 B3 ++=++ 0 =41
Vi Vo VR

X ~

users

uq u»n up

R
X ~ Z O'fru'rv;l—
r=1

~UxVv!
) T 2
min HX—UZV ||
U,V,o
s.t. Ulu=LVviv=I
or > 0 for r € {1: R}.
simula



Matrix Factorizations: Finding Underlying Structures

We can use SVD to find the underlying structures in a data set. For instance, using SVD of a users

by movies matrix, we can capture the movie types and user groups.
movies

O1E—= +0p B2 ++= 4+ ORp =1
X ~ Vi v2 VR

users

uq u»n up

§§ e .8 o

o Tt o2 :5.5 9

B TH FER T

Usert [[5 2 4 1 3 2]
User 2 ]_ 4 ]_ 4 1 4
User 3 315 252
User 4 1 415 3 4
User 5 3 1 4 2 3 2
User 6 2 4 2 4 2 4

Who likes what type of movies?
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Matrix Factorizations: Finding Underlying Structures
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Matrix Factorizations: Missing Data Estimation (a.k.a. matrix completion)

In the case of incomplete data, matrix factorizations can be used to fill in the missing entries:

X movies
—— + O 4 - s+
o~ b1 b
3
aj an

Finding low-rank approximation:

m|n H W x (X — ABT) H

_J1 if z; is known,
Wi = o .
o if x;; 1S Missing.

Data reconstruction:

X — ABT It is possible to recover an unknown low-
rank matrix from a nearly minimal set of
entries. For more on matrix completion
[Candes and Plan, 2010]



Matrix Factorizations: Missing Data Estimation

For instance, we can still factorize the incomplete X and then use those factors to reconstruct the
matrix and estimate the missing entries.

X movies

—————1 + —————1
Iav I by I b
a] an

users

X 5 54 Bpgd gl X = AB!
S & Eg28 75 22

Useri1 5 2 4 1 3 7| [372 1.27 441 1.60 3.78 1.91 ]
user2 | 1 4 1 4 1 4 0.82 3.91 0.74 4.05 1.53 3.91
Users | 31 5 2 5 2 4.06 1.37 4.82 1.72 4.12 2.07
usera | 1 4 1 7 3 4 1.37 4.06 1.39 4.24 2.08 4.15
usrs | 31 4 2 3 2 3.15 1.38 3.71 1.65 3.25 1.90
User6 | D 72 D A4 D 4 | 1.77 3.76 1.89 3.97 2.40 3.94
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Matrix Factorizations: Missing Data Estimation

For instance, we can still factorize the incomplete X and then use those factors to reconstruct the
matrix and estimate the missing entries.

X movies
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Iav I by I b
a] an

users

X 5 54 Bpgd gl X = AB!
: # Eg28 55 =2

Useri 5 2 4 1 3 2| [372 1.27 441 1.60 3.78 1.91 ]
user2 | 1 4 1 4 1 4 0.82 3.91 0.74 4.05 1.53 3.91
Users | 31 5 2 5 2 4.06 1.37 4.82 1.72 4.12 2.07
usera | 1 4 1 5 3 4 1.37 4.06 1.39 4.24 2.08 4.15
usrs | 31 4 2 3 2 3.15 1.38 3.71 1.65 3.25 1.90
User6 | D 4 D A4 D 4 | 1.77 3.76 1.89 3.97 2.40 3.94

simula



Matrix factorizations are not unique!
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Uniqueness is an issue X =AB' = AMM BT = AB'

Constraints are used to deal with the uniqueness problem, e.g., SVD. However, factorizations with
constraints may not be meaningful in terms of the application.

True factors SVD captures...

X~X=UxV'

Data matrix
A € R201X2 = [al 8_2]

| X = AB'

250

Given X, can we recover
the true factors?

70



Uniqueness is an issue X =AB' = AMM BT = AB'

Constraints are used to deal with the uniqueness problem, e.g., SVD. However, factorizations with
constraints may not be meaningful in terms of the application.

True factors NMF captures...

X ~X = WH'
| X = AB' Wiy, hjr > 0

Data matrix
A € R201X2 = [al 8_2]

Given X, can we recover
the true factors?




Uniqueness is an issue

Constraints are used to deal with the uniqueness problem, e.g., SVD.
constraints may not be meaningful in terms of the application.

True factors

A € R201x2 _ [31 az]

X =AB! = AMM BT = ABT

Data matrix

X = AB'

Given X, can we recover
the true factors?
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What if we have multiple matrices with the same underlying factors
but in different proportions...

True factors

A€ RQlez = [al ag]

We can recover the true factors uniquely up to trivial
indeterminacies, i.e., scaling and permutation.

simula




Tutorial Outline

Matrix Factorizations

-

Tensor Factorizations

o

Data Fusion based on Coupled
Matrix and Tensor Factorizations
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Tensors: Terminology

Order: Number of
Modes or Ways

higher-order
tensors
(multi-way arrays)

X

X X

first-order tensor second-order tensor third-order tensor
(vector) (matrix) (three-way array)

-\'\'\'\'\'\'\

Frontal Vertical Hori;ontal
slices slices slices
1 4 7 10
X(:,:1)=|2 5 8 11
144177 V10 Order: 3 _ | 3 6 9 12
X = Frontal slices ]

20> 8l . 13 16 19 22
3 6 S 12 Size: 3 x4 x?2 X(:,52) =14 17 20 23
_15 18 21 24




Tensors: Basic Operations

Matricization (a.k.a. Unfolding or Flattening)

Rows
Columns (mode-2 fibers) 1 4 7 10 13
(mode-1 fibersim\ Xy=1(2 5 8 11 14
3 6 9 12 15
14 47 V10 niy X nan3 i
X = 71T 5 8 )
3| 6 5 12 1 2 3 13
X |4 5 6 16
(modzu:fbe S)Size: ny X npy X n3 2~ |7 8 9 19
-3 fiber
o X m1n3 110 11 12 22
X 1 2 3 4
(3) 7™ |13 14 15 16
n3 Xnino

Unfolding a d-way array (mode-k unfolding)

x =»

Size: N1 X np X ... X ng

22
23
24

15
18
21
24

12
24

d
ng X H n;
1,17k
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Tensors: Basic Operations (cont.)

Vector outer product ac R b e R/ ceRE

X =ab! —=aob X =aoboc
J J /c
—
X — b e I
_ b
! X
a a
X e RIXY ;= a;b; IxJIxK
P v XeR XX ,wijkzaibjck
Kronecker product
aeR beR/ AecRXM BeRr/*N
(a1b] a11B ... a1yB]
a®b= azb c rLJ AR B= a21B ... axyB c RIJXMN
larb ar1B ... aryB]

Khatri-Rao product (Columnwise Kronecker Product)
A€ RIXR Bc RJXR

AOB=|a;®by a®bs ... ap®Db ERI‘]XR o
| n®br) simula



Tensors: Basic Operations (cont.)

Tensor Inner Product X € RIXJXK,H e RIXIXK

K J I
(X, Y)= > > > Tiijk (

=_c
k=1 j=1i=1
Frobenius Norm
2 xS 2
[X[°=(XX)= > > > =i
k=1 j=1i=1

RIxeK

Hadamard Product X,Y,% €

Zijk = TijkYijk

simula



What if we have multiple matrices with the same underlying factors
but in different proportions...

True factors

A€ RQlez = [al ag]

We can recover the true factors uniquely up to trivial
indeterminacies, i.e., scaling and permutation.
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Canonical Polyadic (CP)
A popular tensor factorization model: CP CANDECOMP/PARAFAC (CP)

Hitchcock, 1927: Polyadic form of a tensor

Harshman, 1970: Parallel Factor Analysis (PARAFAC)
Carroll & Chang, 1970: Canonical Decomposition (CANDECOMP)

As an extension of matrix factorizations to higher-order tensors (multi-way arrays), tensor

factorizations are used to extract the underlying factors in higher-order data sets. The CP model
represents a tensor as a sum of rank-one tensors:

C1 C2

Xk

X1 R + PR 4.+ [
* b1 bo bp
7~
..l X aq an ap
7 R AERIXR=[31 aR]
X, ~ A C]:,;l..- . DC%T;Iarobf,«ocr BeRMF=[b; - by
kR ~ [[A, B, C]] C e REXI = [cl CR]

CP is unique up to scaling and permutation under the condition that
[Kruskal, 1977;

krank(A) + krank(B) + krank(C) > 2R + 2 Sidiropoulos and Bro, 2000]

where krank (A) = max. value of k such that any k columns of A is linearly independent.



CP is unique up to trivial indeterminacies

scaling b b> br

Baz a2 IR

+ + =n s 4+
permutation
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SVD vs. CP
SVD expresses a matrix as the sum of rank-one matrices.

(@ [ F— +02 2231 + ... +O’R C—
Vi Vo VR

X

uq uon up

R
X= Z Or Ur O Vyp
r=1

CP expresses a higher-order tensor as the sum of rank-one tensors.

/c1 /02 /CR
—_ O - T e s+ § e
b1 bo br

al an aR

! CP is an extension of SVD to higher-
§ ar 0 by 0 Cr  order tensors but it is different in
many ways.

=
|

r=1



Does it really work?

EXAMPLE:

A€ R201X2

0.2

015}

01F

0.05f

True factors

o o

an

al

100

150

200

250

B € RO1%2 = [bl bg}

0.25

0.2f

015}

01F

0.05F

60

X ~ [A, B, C]

load toydata.mat

MH({:,2,1) =A*[1 0; O 1]1*B"';

KX ({:,:,2) =2*[3 0; 0 2]*B';

j$3et optimization parameters

options = ncg('defaulta’)
optiona.Displaylters = 50;
optiona.RelFuncTol = le-8;

optiona.Stoplol = le-8;
% call cp opt to fit the CP model
[Fac,FacInit,out] = cp_opt(tensor(¥X}, 2,'init', 'nvecs', 'alg_options',options);

subplot{2,1,1);plot(Fac.U{1}};
subplot{2,1,2);plot (Fac.U{2]);



Algorithms for fitting the CP model

cq The goal is to find matrices A, B, C that solve the
/ CR following optimization problem:
b1 /
— g+ + S —J min ||:X—[[A,B,C]] ||2
X A B,C
al apr

while "“not converged” do
Traditional Approach:

Alternating Least Squares (ALS) Solve for A (with fixed B, C)

min||X — [A, B, C] ||
Solve for B (with fixed A and C)
A =X (CoB)((CoB)(CoB)! min || X — [A,B,C] ||

= X(1)(CoB)(C'C+B'B)!

Solve for C (with fixed A and B)
\ J
|

min || X — [A, B, C] ||”

end while

Matricized Tensor Times
Khatri-Rao Product (MTTKRP)

However, better convergence properties and accuracy have been achieved using all-at-
once optimization approaches:

First-order methods: [
Second-order methods:




CP-OPT: Gradient-based All-at-once Approach
[Acar, Dunlavy, and Kolda, 2011]

CP-OPT is a general gradient-based optimization approach for fitting a CP model.

min_ || X — [A, B, C] ||? I/

A.B,C
— goam 4+ + g oo bR
x =
Step1l: Define the objective function I a; IaR
1
f(A,B,C) =~ X - [A,B,C[|?
Step2: Compute the gradient Reémember the ALS steps! [.01 ]
of T T %
a—A —X(l)(C@B)—I—A(C CxB'B) ] g
1
of T T - = of
9B — _X(Q)(C ©A)+B(C CxA'A)  yectorize and Obp
concatenate of
) dcy
o f - - the partials k

Step3: Pick a first-order optimization method
e.g., Nonlinear Conjugate Gradient (NCG) from the



Few words on optimization

Optimization problem

Aim of most optimization algorithms

Find a local minimizer x*

min f(x)

Gradient Hessian [ 52, 82f
of dx10x1 Ox10xo
Oy 92 f 92 f
Vf(x) = Bif V2f = |Gz20z1 Dxpdrs
D : e
o 92f  82f
| Oxpndr1 Oxndzro

First-order Necessary Conditions

92f
dxr10xn

52 f
8$28In

8éf

0xnOxn

Local Minimum

_Local Minimum

eI B el . = Qand Yo e Q: flz) > flz*)

If x* is a local minimizer and fis continuously differentiable in an open neighborhood of x*, then

V") =0.

Second-order Necessary Conditions

If x* is a local minimizer of f and V2f exists and is continuous in an open neighborhood of x*,
then Vf(x*) =0 and V2f(z*) is positive semidefinite.



Few words on optimization (cont.)

The general structure of the optimization algorithms in the Poblano Toolbox:

choose a starting value Iy ] ] . .
while not converged do Different choices of search direction

find the search direction Pk - and step length lead to different
determine the step length & optimization algorithms.

new iterate Tp = Tr—1 + Pk
end while

Taylor’s approximation:

Suppose that fis twice continuously differentiable, then,

1
flxp+p) = fr+p Vi + EPTVkap

Steepest descent: pr = —V/k

— (21 The ones using only
Pk (VER) ™V i __the first-order info

) are implemented
Quasi-Newton Methods P = _Bk—lvﬁIC in the

(e.g., Limited-Memory BFGS):

Newton’s direction:

Nonlinear Conjugate Gradient Methods: pr = —V i + Brpr-1



Application; (Neuroscience): CP has proved useful in epileptic seizure
localization
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[Acar et al., 2007; De Vos et al., 2007]
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Application, (Recommender Systems): CP can capture temporal
[Dunlavy, Kolda, Acar, 2011]

patterns useful for link prediction

Temporal Link Prediction

Which customers will buy which products?

Which webpages will users visit? C1
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Application; (Chemometrics): CP can separate the chemicals in mixtures
[Andersen and Bro, 2003]

A popular application of the CP model is the separation of individual chemicals from mixtures of
chemicals measured using fluorescence spectroscopy.

C]. C2 C3
. b1 bo / bs
2 ~ I + T + ——
S| X
+ A\
X &O
X0
E 6"& al an a3
emission

Amino Acid Data
http://www.models.life.ku.dk/

simula



in mixtures

Is
[Andersen and Bro, 2003]

CP can separate the chemica

Application; (Chemometrics)

A popular application of the CP model is the separation of individual chemicals from mixtures of

chemicals measured using fluorescence spectroscopy.

saJnixiw
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Modeling the aminoacids data

% Load data

load amincacids.mat

X = tensor (X.data):

X = X/nom(X) ;

% S5et optimization parameters and fit a CP model using CP-0OPT

options = ncg ('defaults'):

options.DisplayIters = 50;

options.RelFuncTol = le-10;

options.StopTol = 1le-10;

[Fac,FacInit, out] = cp opt(X, 3,'init', 'nvecs', 'alg', 'ncg', 'alg options',options):;

for i=1:3
subplot (3,1,1)
plot (Fac.U{i})
end

Model: CANDECOMP/PARAFAC (CP)

Algorithm: We can pick a gradient-based optimization method
Nonlinear Conjugate Gradient (ncg)
Limited—memory BFGS (Ibfgs)

Initialization of factor matrices:
svd-based
entries randomly sampled from a standard normal distribution
pre-defined cell array containing the factor matrices

simula



SVD-based Initialization

Left singular vectors (i.e., Uy, Uy, U3) of matricized tensors in each mode can be used to initialize
the factor matrices.

min_ || X — [A, B, C] ||?

X A,B,C
T
T
T

Q

K1)

2




Tensor Factorizations: Missing Data Estimation (a.k.a. Tensor Completion)

Similar to the matrix case, in the case of missing data we can use low-rank tensor approximations
to fill in missing entries

activities

Finding low-rank approximation:

min_ | W (X — [A,B,C]) ||°
min, W= (X —[A,B,C]) |
~_ )1 if . is known,
Wijk = 0 if x5, is missing.

Data reconstruction:

X = [A, B, C]
simula



In the presence of missing data: CP-WOPT

[Acar, Dunlavy, Kolda, Mgrup, 2011]

CP-WOPT (CP Weighted OPTimization) solves the following weighted optimization problem
to fit the CP model to the known data entries in the tensor by ignoring the missing entries:

min_|| W=(X — [A, B, C]) ||?

AB.C

1
Wijk — 0

if z;;, is known,
if z;;, 1S missing.

Stepl: Define the objective function

fw(A,B,C) =||Wx (X —[A,B,C]) |?

=Y
Step2: Compute the gradient

ofw _
A =2(Z(1) — Y(1))(COB)

dfw
—8B =2(Z(2) — Y(2))(C ® A)
ofw _

~Z|?

‘ Viw=

Vectorize and
concatenate

the partials

0T

38.1
dfw
aaR

dfw
b,

dfw
9bp

dfw
8(51

afw

aCR

—

Y=Wx X
Z=W=x[A,B,C]

Step3: Pick a first-order
optimization method

simula



Tensor Completion Example

Construct a tensor with an underlying CP model

sz = [10 5 3]:
R = 2;
for i=1:1length(sz)
A{i}= randn(sz(i),R):

for r=1:R
A{i} (:,r)=RA{i} (:,r)/norm(A{i} (:,r)):
end C1
end
lambda = [2 3]'; >\1Q1
[ X = full (ktensor (lambda, A)): | I
Xorig = X.data; aj

Compare the following with ktensor

Y=zeros(sz);

€2
a
+ A2g m— =
1 X
a2
C1 Co
b ya

A1 I--:1+ A2 2

for r=1:R
for k=1l:size (Y, 3)
Y(:,:,k)= Y(:,:,k)+ lambda(r)*A{1} (:,r)*A{2}(:, ) "*A{3} (k,r);
end
end

simula



Tensor Completion Example (cont.)

Construct a tensor with an underlying CP model

sz = [10 5 3];
R = 2¢
for i=l:length(sz)
A{i} = randn(sz(i),R);
for r = 1:R
A{i} (:,r)= A{i}(:,r)/norm(A{i} (:,1)):

end ¢y Co
end
lambda = [2 3]'; b1 bo
)\1 ] +)\ [
X = full (ktensor (lambda,d)) I
Yori . al an
orig = X;

Pick some random entries and set them to missing

M = round(rand(sz)):;
X (find (M==0) )=NaN;

simula



Tensor Completion Example (cont.)

Suppose you are given the incomplete tensor X and you want to find the underlying CP components

% Record the places of the missing entries
W = tensor(~isnan(X.data)):

% Set those missing entries in the tensor to 0
X (find (W==0))=0;

% parameters for the gradient-based optimization algorithm

(5]

options = ncg('defaults');
options.MaxFuncEvals = 10000;

options.MaxIters = 10000; % change this line to change the max number of iterations
options.StopTol = le-6;

options.RelFuncTol = le-6;

options.Displaylters = 50;

[Fac, FacInit, output] = cp wopt(X,W,R,'alg', 'ncg','alg options',options,'init', 'nvecs');

% Compare Fac(factors extracted by the model) with A (true factors)
for i=1:3

corr(Fac.U{i},A{i})
end

Reconstruct your data from the factor matrices

Xhat = full (Fac); X = [[A B C]]

% Plot original vs. estimated values for the missing data
plot (Xorig (find(W==0)), Xhat(find(W==0)),'*"):
xlabel ('Original'); vlabel ('Estimated')

simula



CP-WOPT can accurately capture the factors even with high amounts of
missing data!
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CP-WOPT scales to large problems!

500 x 500 x 500 with 99% missing

entries (i.e., 1.25 million known 1000 x 1000 x 1000 with 99.5% missing
entries) entries (i.e., 5 million known entries)
Dense storage = 1GB Dense storage = 8GB
Sparse storage = 40MB Sparse storage = 160MB
1000 T T T T T T T T T 10000 . .
O T T8
o I O o RS U R N 0 ]
£ o o = . : : : :
E a0l O © 0 o v O F 4000} O Y o O
200 2000 ———- :
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 2] 10
Ho—6—6-—666-666-06 10 0 0 0 0 0 O O O
% 09t % 09t L
08} 1 08} : O
07— 07 L
1 2 3 o 5 6 7 8 9 10 1 2 3 4 5 6 7 8 S 10
Test ID Test ID

Factor Match Score

N\, —

ag(r)

On a Linux workstation with 2
il il a"g" Quad-Core Intel Xeon 3.0 GHz
maX{M-?\Um} n=1 processors and 32 GB RAM

]R
FMS= max =>_ |[1—

o=11(RR) Rr=1




et  Application, (Neuroscience): We can capture underlying
7J' factors accurately from EEG data with missing channels

[Acar, Dunlavy, Kolda, Mgrup, 2011]

Goal: To differentiate between left and right hand stimulation

0‘}9
) C C
"\;0 1 2 C3
p Lo v o,
) NS — + — —
£ ~Y +
\ -5 aj ap as
http://www.madehow.com/

time-frequency



et  Application, (Neuroscience): We can capture underlying
7J' factors accurately from EEG data with missing channels

[Acar, Dunlavy, Kolda, Mgrup, 2011]

Goal: To differentiate between left and right hand stimulation

C]_ Cz C3

a

aj a3z

http://www. madkehow. com/

time-frequency

No Missing Data 30 Channels/slice Missing
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’% Ignoring missing entries vs. Imputation

Ignoring missing entries, in particular, when there is large amount of missing data is
better than alternatives based on imputation, e.g., imputing missing entries with mean.

CP-WOPT C1 Co c3
& / b / b / b
(9 1 2 b3
2 — — —
N C1 Co c3 + + '
by bo / b a a 5
3 a 2 a
% ~|]I:I + |] — + |] — 1 3
c
o a C ¢ &,
< ai 2 a3 1 2 C3
v time-frequency \ / : / . / .
1 —P2 —Ps3

IMPUTATION |]|:| + |]

+ |]
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Ignoring missing entries vs. Imputation

Ignoring missing entries, in particular, when there is large amount of missing data is
better than alternatives based on imputation, e.g., imputing missing entries with mean.

D

9
@6"
3)

6

channels S

time-frequency

sim: Similarity score similar to the
previously defined Factor Match Score (FMS)

L

+|]
ag

aj as
IMPUTATION
Missing | sim(r=1) | sim(r = 2) | sim(r = 3)
Channels
1 0.9970 0.9984 0.9982
10 0.9481 0.9729 0.9752
20 0.9002 0.9475 0.9371
30 0.6435 0.8719 0.8100
40 0.3045 0.7126 0.5699

CP-WOPT
Missing | sim(r=1) | sim(r =2) | sim(r = 3)
Channels |©—
1 0.9989 0.9995 0.9991
10 0.9869 0.9936 0.9894
20 0.9560 0.9826 0.9697
30 0.9046 0.9604 0.9312
40 0.6192 0.8673 0.7546




Ignoring missing entries vs. Imputation

Ignoring missing entries, in particular, when there is large amount of missing data is
better than alternatives based on imputation, e.g., imputing missing entries with mean.

CP-WOPT C1 2 C3
9 — — _
x5 b / b /
(9 1 2 b3
@ — — —
565 €3 / |] + |] + |]
)
“ — a1 42 a3
] +
c
% |] a |] - -~
2 Co C
£ 3
Y time-frequency — / X / X
IMPUTATION ﬂ —2 | ﬂ —Ps
52 513
CP-WOPT IMPUTATION
Missing | sim(r=1) | sim(r =2) | sim(r = 3) Missing | sim(r=1) | sim(r =2) | sim(r = 3)
Channels Channels
1 0.9989 0.9995 0.9991 1 0.9970 0.9984 0.9982
10 0.9869 0.9936 0.9894 10 0.9481 0.9729 0.9752
20 0.9560 0.9826 0.9697 20 0.9002 0.9475 0.9371
30 0.9046 0.9604 0.9312 30 0.6435 0.8719 0.8100
40 0.6192 0.8673 0.7546 40 0.3045 0.7126 0.5699




e S— - .. ; i
|__sm—— Ignoring missing entries vs. Imputation
|=|7J

Ignoring missing entries, in particular, when there is large amount of missing data is
better than alternatives based on imputation, e.g., imputing missing entries with mean.

CP-WOPT C1 Co 3

0 w i
@o 1 b2

2« Cl ) c3 — + — + —
S V —
b1 / bo / b = a =
3 a 2 a3
o zﬂz + |] — " |] — 1
c
g a C C ¢
Y time-frequency — / . / X / A
IMPUTATION ﬂ=.1+ ﬂ —2 | ﬂ —P3
fil ag as
CP-WOPT IMPUTATION
Missing | sim(r=1) | sim(r =2) | sim(r = 3) Missing | sim(r=1) | sim(r =2) | sim(r = 3)
Channels Channels
1 0.9989 0.9995 0.9991 1 0.9970 0.9984 0.9982
10 0.9869 0.9936 0.9894 10 0.9481 0.9729 0.9752
20 0.9560 0.9826 0.9697 20 0.9002 0.9475 0.9371
30 0.9046 0.9604 0.9312 30 0.6435 0.8719 0.8100




Another popular tensor factorization model: Tucker

A more flexible tensor factorization model compared to the CP model is the Tucker3 model, which
models a third-order tensor using three factor matrices corresponding to each mode as well as a
core array.

R
k | C
K
I x J
J AERIXP:[al ap]
BERJXQ:[b]_ bQ]
CG]RKXRz[cl CR]

G ¢ RPX@XR - core tensor

Tucker with orthogonality constraints on A, B, and C corresponds to the
best rank-(P,Q,R) approximation of the tensor.



Tucker is considered to be another generalization of SVD to higher-order
tensors: Higher-order SVD (HOSVD)

[Tucker, 1966; De Lathauwer, De Moor, Vandewalle, 2000]

Truncation of HOSVD gives a good
rank-(P,Q,R) approximation

Q
~ P
N [
A
P
~ T
Q

G =2 x1 Uy xpUy' x3Usz'



Tucker vs. CP

R

C R
K : K :
Q R
| X NI“ p| 9 . il X o J
Q
J J
P Q R R
X~ > > > gpgrapobgoc X~ > grarobrocy
p:]_ q:]_ r=1 r=1
X ~ [G;A,B,C]
More flexible than CP Restricted model with a specific structure
Different number of components in each mode Same number of components in each mode
The core tensor models the interaction between Super-diagonal core tensor
factors in different modes
Not-unique . . .
) Nice uniqueness properties
[G;A,B,C] =[G x1 U; AU "B, (C]
EXPLORATORY DATA ANALYSIS & INTERPRETABILITY!!!

COMPRESSION!



Application; (Face Recognition): TensorFaces

[Vasilescu and Terzopoulos, 2003]

Facial image data tensor with modes (people x
viewpoints x illuminations x expressions x pixels) is
constructed by arranging the images from 28 people in
5 viewpoints, 4 illuminations and 3 expressions.

D 28x5x4x3x7943

Illumination

HOSVD gives the following:

D =7Zx 1Upeople X2Uviews X3Ujjjums X 4 Uexpres X s U pixels

eigenfaces

Original 3 [llum. Dims.
ensorfaces A -

Better face recognition performance using
tensorfaces compared to eigenfaces

Truncation in the
illumination mode:




Similar to CP, Tucker model can be fit to incomplete data using weighted

optimization!

Ifo pl S B
! Q

X =~ [G;A,B,C]

9? )B?C

min || X~ [S; A, B, C] |2

X
K
- Q
I ~ 5 B
Q
J

i W x (X — [G: A, B, C]) ||?
9,T,'1£',c” * ( IS D

1 if 2y, is known,
w.. p—
ik 0 if @ is missing.

X = [G; A,B,C]

simula



There are other tensor factorization models

Mainly for applications with uniqueness & interpretability concerns
PARALIND (Parallel profiles with Linear
PARAFAC2 Dependences)

B, FkPK

.
BB, = ¢

DEDICOM (Decomposition into directional
components [Harshman, 1978]

Handles differences between factors across

different slices. Similar in that sense, there are
also Shifted PARAFAC and Convolutive PARAFAC. R

]
&
>

Mainly for compression & reconstruction applications and higher-order
tensors with many modes, e.g., 10th-order tensor

And hierarchical tucker (H-Tucker)

Sequences of SVDs on various unfoldings:

SVD of reshape(X,[I,JKL)]) : G1,Z;
G, () G, |7 N _Ca
1 9, Is Rox L SVD of reshape(Zq,[R1J,KL]) : G5,7Z>

R R, xJXR, R, x K X Ry
’ SVD of reshape(Zo, [RoK, L)) : G3,Ga

X(:2)

[l

(L)

IxJxKxL



There are many other applications of tensor factorizations

Urban Computing Travel Time Estimation

[Wang et al., KDD, 2014]

Tensor
Decom position]

road segments x drivers x time slots

Electronic Healthcare

Records
Mé&?cation
EHR-based Phenotyping
[Henderson et al., ICHI, 2017] -
«w
Patients
patients x medications x diagnosis

Diagnoses

Computer Vision

Image Reconstruction:
[Liu et al., PAMI, 2013]

original

Tensor: original color
image with color channels

Phenotype importance |

Social Network

[Papalexakis et al., PKDD,

Analysis 2012]
20, 10,
10}>Wall Owner‘ + 5} ‘ Wall Owner +
‘1'0 1 2 3 4 5 6 7 ?0 1 2 3 4 5 6 7
n‘shl ‘ I ‘ Posters + 05} ‘ ‘ Posters +
l0 ' 1 2 3 4 5 6 7 ?0 1 2 3 6 7
[ e k|
ol II .l |Il I L
0 500 1000 1500 2000 0 500 1 000 0

(a) FACEBOOK anomaly
birthday)

(Wall owner’s (b) FACEBOOK normal activity

wall owner x poster x day

Medication factor

D|agn03|s factor

2000

] s 7 FREREAREARE RN e - ) : Phenotype 1
)\ y e i )\ & : p (15.43% of Patients)
1 g o RO : \ Legally Blind
E-:']\' 3 :-:l (}' — Major Symptoms, Abnormalities (1,2)
e i n \ 4 Polyneuropathy
%' + b9 - _|,_ b + X i Cerebrovascular Disease Late Effects,
: N Unspecified
: Patients A Multiple Sclerosis
factor R ' R anticonvulsants
- 5 H ¢ A bronchodilators
”mmwf[‘ﬂYR‘?ﬁj _________ '?_‘T‘_e _rl(_)»lthiﬁ» \BIES_E anxiolytics, sedatives, and hypnotics
e
observed reconstruction

R




Manifesto from Dagstuhl Perspectives Workshop 16152

Active Research Areas

e LY PN
)| SCHLOSS DAGSTUHL

= Leibniz-Zentrum fiir Informatik

Scalability

Parallel and distributed computations
Portability to emerging architectures
Sampling

Different Loss Functions

Deep Learning and Tensor Factorizations

Tensor Train Factorization of a Feed Forward Layer

TT-Recurrent Neural Networks

Software
MATLAB: Nway Toolbox, Tensor Toolbox, TT Toolbox, TensorLab

R: multiway
Sparse: http://frostt.io/
Data Sets

Dense: www.models.life.ku.dk

Public data sets for multivariate data analysis
IHPORTANT: i dowrioadble mteit st o ase poges - appended by spectcs mentned under the ndvidua haders/chaptrs - s avadaiefor Pubhe Use, P nots tat e geat cars has been tkar,
the software, code and data are provided “as is* and that Q&T, LIFE, KU does not accept any responsibility or Nability.

Name Description Located at Format
(clck for details)

NIR NIR Sugarcane data University of Copenhagen Matlab

Tongue data Three-way data from the work Richard Harshman University of Copenhagen Text

JODA data set NEW NMR, LC-MS and EEM prototypical experimental coupled data sets for JODA University of Copenhagen Matlab

RAMAN pork fat NEW The samples for this study were 16 pork carcasses University of Copenhagen Matlab

NIR soil NEW Soil samples from long-term field experiment in Abisko, northern Sweden University of Copenhagen Matlab

AutoChrome NEW Automatically find PARAFAC2 components of hyphenated chromatographic data University of Copenhagen Matlab

Metabolormic data fusion NEw BeTErker, fluorescence and 1H-NMR data from case/control study on colorectal University of Copenhagen Matiab
cancer

Olive oil Oil samples analyzed by HPLC with charged aerosol detector University of Copenhagen Matlab

Example tensors Some example tensors with known problems such as degeneracy, swamps and local University of Copenhagen Matisb
minima

Tensor Computing for Internet of Things

All tensors:

Name Non-zeros Order
Amazon Reviews 1,741,809,018 3
Chicago Crime 5,330,673 4
Delicious 140,126,181 4
Enron Emails 54,202,099 4
Flickr 112,890,310 4
LBNL-Network 1,698,825 5
Matrix Multiplication M*K*N 3
NELL-1 143,599,552 3
NELL-2 76,879,419 3
NIPS Publications 3,101,609 4
Patents 3,596,640,708 3
Reddit-2015 4,687,474,081 3
Uber Pickups 3,309,490 4
VAST 2015 Mini-Challenge 1 26,021,945 5




Summary

Matrix Factorizations: How to use matrix factorizations to (i) find the underlying factors, (ii)
predict missing entries

Matrix factorizations without constraints are not unique.

Constraints need to make sense in terms of the application; otherwise, the model will not

reveal what we are looking for.

|

- - ai .
Tensor Factorizations 1] | “
oo Vel |
Tensor factorization methods such as CP have better . .o vivown =i oul
uniqueness properties compared to matrix factorizations.

How to use tensor factorizations, in particular, CP,

to find the underlying factors, e.qg., o MARA L LB 0. TRl b )
Chemometrics - |
Neuroscience el
Temporal Link Prediction A/\/\/\/

How to fit a CP model to a higher-order tensor with I S

missing entries

Algorithms: ALS, Gradient-based optimization approaches ﬁ

MATLAB functions
cp-opt: Fitting a CP model to a tensor (from Tensor Toolbox)
[Fac, Faclnit, output] = cp_opt(X, R, ‘init’, ‘random’, ‘alg’,’ncg’, ‘alg_options’, options);
cp-wopt: Fitting a CP model to a tensor with missing entries (from Tensor Toolbox)
[Fac, Faclnit, output] = cp_wopt(X, W, R, ‘init’, ‘random’, ‘alg’,’ncg’, ‘alg_options’, options);



Model: Optimization _ 5 _ 5
problem AmPI)nC H X — [[A7 B, C]] || mi ” W (x o [[Aa Ba C]]) ”

n
A.B,C

f(A,B,C) = % IX—[A,B,C] |2 Jw(AB.C)=|W=(X-[AB,C)I|

— 2
o o=ly-x|
Computation of the A i
g H : o
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Tutorial Outline

Matrix Factorizations

Tensor Factorizations

6ata Fusion based on Coupled
Matrix and Tensor Factorizations




Data Fusion based on Coupled Factorizations

Psychometrics: Simultaneous factorization of Gramian matrices [Levin, 1966]; Simultaneous Component Analysis
[Kiers and Ten Berge, 1994]

Chemometrics: Principal Component Analysis of multiple matrices [Westerhuis et al., 1998]; Augmented
Multivariate Curve Resolution [De Juan and Tauler, 2000]

Bioinformatics: Comparing genome-scale expression data from multiple organisms [Alter et al., 2003; Ponnapalli et
al., 20117; Clustering microarray data [Badea, 2007]; Simultaneous Component Analysis with rotation to common
and distinct components [van Deun et al., 2012]; Decomposing multiple matrices into terms explaining joint and
individual variation [Lock et al., 2013]

Signal Processing: Joint diagonalization of multiple matrices [Yeredor, 2002; Ziehe et al., 2004]; Audio source
separation [Yoo et al., 20107; Joint Independent Component Analysis [Calhoun et al., 2006]; Soft honnegative matrix
co-factorization [Seichepine et al., 2013]

Data Mining: Collective matrix factorization [Singh and Gordon, 20087; Clustering multi-type relational data [Long
et al., 2006]; Social recommendation [Ma et al., 2008]; Coupled matrix factorization with sparse factors [Van Deun et
al., 2011; Acar et al., 2012]; Nonnegative shared subspace learning [Gupta et al., 2010]; Bayesian interbattery factor
analysis [Klamiet al., 2013]

Ry X OV Y - owT |

simula



Data Fusion based on Coupled Factorizations

psychometrics, chemometrics, bioinformatics, signal processing, data mining, ...

Cannot handle joint
analysis of matrices and
higher-order tensors!

Y min |X—=[A.B.C]|I24+||Y —AD'T |2

Psychometrics: Linked-mode PARAFAC [Harshman and Lundy, 1984]

Chemometrics: Multi-way Multi-block component models [Smilde et al., 2000]

Bioinformatics: Coupled analysis of in vitro and histology tissue samples [Acaret al., 2012]
Signal Processing: Joint analysis of a covariance matrix and a cumulant tensor [De Lathauwer and
Vandewalle, 2004; Comon, 2004]; Generalized Coupled Tensor Factorizations [Yilmaz et al., 20117;
Structured Data Fusion [Sorberet al., 2015]

Data Mining: Multi-way Clustering [Banerjee et al., 2007]; Community detection [Lin et al., 20097;
Missing value estimation [Zheng et al., 2010]; Link prediction [Ermis et al., 2012]; Scalable CMTF

approaches (sampling-based [Papalexakis et al., 20147, distributed stochastic gradient running on
MAPREDUCE [Beutel et al., 2014], distributed ALS running on MAPREDUCE [Jeon et al., 20161)



Coupled Matrix Factorizations (CMF)

Objective function:

Compute the gradient:

chemical shifts peaks
] ")

g i

=2 o

£ X £ Y
- S

0 1]

X ~ ABT Y ~ ACT

A%%WX—ABWF+HY—ACWF

2 2

f(A,B,C):HX—ABT +Y —ACT
f1 fo
of _0f1 0
OA ~ A ' OA
of _of1
OB~ OB
of _ 92
oC ~ oC

Use a first-order optimization method to fit the CMF model

simula



Coupled Matrix Factorizations: Example

|:b|+ |:b| +
Generate factor ! R

matrices ai ap

Nx | = e
X = ABT 4 Ny
= —> Y = ACT + Ny

C =+ —

C1 CR
ai aR

Construct coupled matrices

3z = [30 20 10]:
modesa = {[1 2],[1 3]}:
E = 2;

for i=l:length{s3z)
Ali} = randn{sz(i),R):
for r = 1:R
A{i}(:,p)= A{i}{:,r)/norm{A{i} (z,2))?
end
end
{1} = A{1}*R{2}";
®{2} = A{1}*A[3}]";
% add noise

Frv =17
IO 1=l.c

N{i} = randn(aize(X{il}}:
X[{i} = X{i} + 0.1* N{il}l/noerm(N{i}, "fro') *norm({X{i}, "fro"):
end

o o A

P = length(X):
for p=1:P
Z.object{pl = tenscr{Xi{pl):r
Z.object{pl = Z.object{pl/norm{Z.cbject{pl);

end
Z.modes = modes;
Z.3ize = 3z;

simula



Coupled Matrix Factorizations: Example (cont.)

4, g+

b b Solve
Generate factor ! i Nx | = B4 e e
matrices ap ap i, |X - ABT|"4+ | Y - ACT|
> > AN
B C a4 ... g + B -
C1 CR N C
Y| = Y
a1 aR
X = ABT 4 Ny
Y = AC" 4+ 5Ny
Suppose you are given coupled matrices and want to jointly factorize them
optiona = ncg({"defaults");
ocpticna.MaxFuncEvals = 10000;
optiocna.MaxIters = 10000;
optiona.StopTlol = le-6;
ocptions.RelFuncTol = le-6&;
j$optiona.Diaplaylters = 50;
[Fac, FacInit, out] cmtf opt(Z,R,'alg"', 'ncg', 'elg_options’,options, "init', 'random’);

Compare the reconstructed matrices with the originals

¥hat{l} = Fac.U{l]}*Fac.U[2]}";
¥hat{2} = Fac.U{l}*Fac.U[3}";
norm(Z.ocbject{l}.data-Xhat{l}, "frc')
norm{Z.ocbhject{2}.data-Xhat{2}, "frc')

simula



CMF is not unique!

Compare the factor matrices corresponding to the same function value

options.Display ='final";
[Facl, FacInitl, outl] = cmtf opt(Z,R,'alg', 'ncg','alg options',options,'init', 'random');
[Fac2, FacInit2, out2] = cmtf opt(Z,R,'alg', 'ncg','alg options',options,'init', 'random');
for i=1:3

corr (Facl.U{i},Fac2.U{i})

pause

end

VS. B Co

simula



CMF extends to joint analysis of incomplete matrices!
movies features

5 Y
()] ()]
= =
X ~ ABT Y ~ ACT
. T 2 T 2
min HW*(X—AB )H +HY—AC H
A B,C
T 2 T 2
Objective function: fw(A,B,C) = ‘ W« (X-AB")|| +|Y —-AC
fw, fw,

Compute the gradient:
P g ofw _ Ofw, | dfw,

OA  OA OA

0B 0B
Ofw _ 9fw,
0C 0C

Use a first-order optimization method to fit the CMF model

simula



Coupled Matrix Factorizations: Missing Data Estimation

Generate factor matrices
Construct coupled matrices and set some entries to missing in one of them

B

az = [10 5 4]» (3
modes = {[1 2]1,([1 3]1:
E = 2:
for i=1:length{sz) Construct coupled
Ali} = randn{sz{i),R): ‘ matrices
for r = 1:R
A{i}(:,r)= A{i}(:,r)/norm(A{i}{:,¥)); =t
end 1 R — X
end X = ABT ajp ap
X{1} = A[l1}=*A[2]"; T
{2} = A[1}*A[3}'; Y =AC =—=+.. g=—=
Xorig = X; (o] CR _
W = round (rand (size (X{11)1)): 2 - -\T
¥{1] (W==0)= NaN; 1 ap

{1} {(W==0)= 0r

P = length{X):

for p=1:P
Z.object{p]
ob]_norm(p)
Z.object{pl

Set some entries to
missing

tensor{¥X{pl):
norm(Z.cbject{pl):
Z.object{p}/obj norm(p):

end

Z.misa{l} = tenscr(W):
Z.miga[2] =[]:

Z.modes = modes;
Z.gize = 3Z;

simula



Coupled Matrix Factorizations: Missing Data Estimation (cont.)
Suppose you are given coupled matrices and want to jointly factorize them

optiona = neg('defaulta®):
ocptiona.MaxFuncEvals = 10000;

ocptiona.MaxIters = 10000;

optiona.StopTol = le-8;

cptiocns.RelFuncTol = le-&;

cptiong.Displayltera = 50; Solve ‘
[Fac, FacInit, out] = cmtf opt(Z,R,'alg"', 'ncg', "alg options’',options, "init', 'random'):

min | W« (X - ABT) |*+]Y - AacT|’

A7B7
Reconstruct matrices and multiple by the norms we scaled the data sets with
¥hat{l} = Fac.U{l}*Fac.U{2]}"';
¥hat{2] = Fac.U{l}*Fac.U{3}"';
for i=1:2
Ehat{il=¥hat{il}*cbj norm{i);
end 0.6 - - v . - .
0.4}
*
Estimating missing data ook +
' -
plot{orig{l} (W==0} ,Xhat{1} (W==0),"*") :ac_.g o} Qf
ylabel ('predicted') ;xlabel ("actual') % ‘*
© -0.2} .
o
-0.4} +
-0.6}
*

.8 - - - -
-0.8 -06 -04 -0.2 0 0.2 04
actual

simula



CMF can jointly analyze multiple matrices coupled in different modes!

movies features

Y ~ ACT

7Z ~DB'

Ay [We - aBD [+ [Y —acT [+ |z DB

simula



Data Fusion based on Coupled Matrix and Tensor Factorizations

Joint analysis of heterogeneous data from multiple sources can be formulated as a coupled
matrix and tensor factorization (CMTF) problem. In CMTF, higher-order tensors and matrices

are simultaneously factorized by fitting a CP model to higher-order tensors and factorizing
matrices in a coupled manner.

Matrix Factorization: Tensor Factorization: CP

rdl+...+ rdR C1 CR
~ b1 br
I I
- L - S
al
R

R apr
Y ~ Z ardT
r=1 r Y x :XMZafrobTocr
~ ADT r=1
AERIXRZ[al aR} ~ IIAaB:C]]
DGRMXR:[dl dR] Y ~ ADT X ~ [[A,B,C]] AERIXR:[al aR]
BERJXR=[b1 bR]
The problem can be formulated as: CeRF*f = [C1 CR]
' 2 T2
min_ || X —[A,B,C|||“+]Y —-AD
A,B,C,DH [A, B, Cl || { |

simula



All-at-once Optimization for CMTF
[Acar, Dunlavy, Kolda, 2011]

CMTF-OPT is a gradient-based optimization approach for joint
factorization of coupled matrices and higher-order tensors.

. 2 T 12 Y X
min X—A,B,C +||Y — AD
AT X = [AB,CL |+ | [
Step 1: Define the objective function Y ~ADT X ~ [A, B, C]
1 1 b b

f(A,B,C,D) =~ || X—[A,B,C]|°+ 5| Y - AD"||* jor;
2 2 day

Step 2: Compute the gradient %
of T T T -
ox = X@(COB)+A(C'C+B'B) - YD+ AD'D b1
o

0 ab
% = —X(5)(COA) +B(CTC+ATA) m) V= 59;
1

of Vectorize and :
00 = ~X(3(BOA) + C(B"BxATA) concaten_ate %
the partials af

ady

9 _ vTA+DATA -
oD of
ddpg

Step 3: Pick a first-order optimization method

simula



Coupled Matrix and Tensor Factorizations: Example

Construct coupled matrices

3Z

modes
E = 2;
for i=1
Ali

for

A

end

end
X1}
¥X[2}
% add n

for i=1
H{i
X[i

end

P = 1len
for p=1

Z.object{pl
Z.object{pl

end
Z.modes
Z.3ize

[30 20 10 15]:
{[1 2 3],[1 4]}:

:length(3z)

} = randn{sz{(i),R);s

r = 1:R

{i} (=, )= A{i}(:,r)/norm{&{i} (:, ) )~

full {ktensor{&{l:3))):
tenscr (A{11*A[41");
oise

e
I
I

tensor (randn (aize(X{il}})):

gth (X} :
:P

Z{pl:
Z.object{pl /norm(Z.ocbject{p}):

modes;
gz;

Ip
4

K[i} + 0.3* N[i]/norm(N{i})*norm(X{i});

Generate factor

matrices

Construct coupled data
sets + add noise

CR

simula



Coupled Matrix and Tensor Factorizations: Example (cont.)

Suppose you are given coupled matrices/tensors and want to jointly factorize them

optiona = nog{'defaulta'): B
cpticna.MaxFuncEvals = 10000; (3

Original factor

: matrices

ocptiona.MaxIters = 10000;

ocpticons.Stoplol = le-8;

ocpticns.RelFuncTol = le-8;

[Fac, FacInit, out] = cmtf opt({Z,R,'slg', 'ncg', 'alg options’,optiomns, "init', "nweca'); ‘

IIE!IIIIIIHHII'
Minimize fusing CMTF-OPT
Compare the extracted factor matrices with the original ones - - 2
§ rasep)=|x-[a8¢|
Fac = normalize (Fac): 4_“1{ __j&IjT"2
for i=1:4

corr(Fac.U[i},&{i})

end 2& |II;; ~
C
D
VS. B & B
H C

simula



CMTF inherits uniqueness from CP!
[Sorensen and De Lathauwer, 2015]

Aq A
2
Fl C vs. B2 ¢
D, 2 o

Compare the factor matrices corresponding to the same function value

options.Display ="final';

[Facl, FacInitl, outl] = cmtf opt(Z,R, 'alg', 'ncg','alg options',options,'init', "'random'):
_OF g g J_op F

[Fac2, FacInit2, out?2] = cmtf opt(Z,R,'alg', 'ncg','alg options',options,'init', "'random'):
_OF g g J_op F

for i=1:4
corr (Facl.U{i},Fac2.U{i})
end

simula



CMTF easily extends to incomplete data sets

We fit the model only to the known data entries and ignore the
missing entries (in higher-order tensors and/or matrices).

. _ 2 B T 112
A0 WX~ [A,B,C) 7 + | Y — ADT|
S 1 if x5 is known,

k= o if ;55 1S missing.

Our objective:

fw(A,B,C,D) =~ W(X — [A,B,CD[? + 5| Y - ADT|

Gradient: Let Z = [A,B, (]

@
X

Y ~ ADT X =~ [A,B,C]

Vectorize and

the partials

%f—f = (W1 *Z1)— W1 *X(1))(COB) - YD+ AD'D > Y frp =
%f_];v = (W) *Z2) — W) X(2))(COA) concatenate

fi%? = (W(3)*Z3) — W3)x X(3))(BOA)

1% — _yTA + DATA

oD

Oty

EY
Ofw
aaR
o fw
oby
Ofw
obp
o fw
dcy
ofw
aCR
dfw
odq

Bfw

ady

simula



Generate factor
CMTF: Missing Data Estimation matrices

Construct coupled data sets and set some entries to missing in one of them
B¢
3z = [30 20 10 15];

modes = {[1 2 3],([1 41}
B = 2;
for i=l:length(az)
Rl{il] = randn{sz({i),R):
for r = 1:R
Ali}(z,r)= A{i}(:, ) /morm(A{i}({:z,x)) >
end

Construct coupled data
sets + add noise

end
X{1} full (ktenscr(A(1:3)))r
{2} tenscr(A{1}*A[4]}");
% add noise
for i=1:2
N{il] = tensor{randn(size{X{il)}):
E{il = E{i] + 0.1* N{il/norm(N{i})*norm{X{il):

end
Xorig = X;
W = round (rand (size {(X{1})))r

X{1} (find (W==0) )= Nal;

X[1} {(find(W==0) )= 0:

P = length(¥):

for p=1:P
Z.object{p]
ocb] _norma(p)
Z.object{pl

tensor (X{p}):
norm{Z.cbject{p}):
Z.object{p}/ob]j_norms(p)r

end Set some entries to
Z.misa{l} = tensor (W): ‘ missing
Z.miza[2] =[]:

Z.modes = modes;

Z.aize = 3z}

simula



CMTF: Missing Data Estimation (cont.)

Suppose you are given the incomplete tensor coupled with the matrix and want to jointly factorize them

optiona = neg({'defaults’);

cpticna.MaxFuncEvals = 10000; _—

= B Original factor
opticna.MaxIters = 10000; C tri
ocptions.Stoplol = le-8; matrices

ocptiocns.RelFuncTol le-8;
[Fac, FacInit, out] = cmtf opt(Z,R,'slg', 'ncg', 'alg options’',optiomns, 'init', "random'):

Minimize f using
‘ CMTF-OPT

J(A,B,E,D) = | Wx (X~ [A,B,e]|

Compare the estimated missing entries with the original values A
B ol -
Ehat{l] = obj normsa(l)* full(ktensor(Fac.U{l:3))): D

2

+[ v - ApT|"

plot (¥crig{l} (find {(W==0)) ,Xhat {1} {(find (W==0)),"'*"}
vlabel {'predicted’) rxlabel {"actual')

Reconstruct the

Compare the extracted factor matrices with the original ones
tensor

Fac = normalize{Fac); ~ ~ ~ ~

for i=1:4 X = [[A,B,C]]
corr{Fac.U{i} ,A{i})

end



Applicationg (Metabolomics): Data fusion can improve missing data estimation

performance [Acar, Rasmussen, Savorani, Naes, Bro, 2013]

We have plasma samples measured using different analytical techniques, i.e., NMR and
Fluorescence Spectroscopy.

| Ws(x — [A,B,C]) >+ | Y — ADT |

X

Randomly set
tensor entries

3 to missing
2 o
[ >
0 R4
&
chemical . . o
shifts emission
5
- . . -
LA Missing Data  ||(1 - W)« (X -X) |
[+ JR—
w Recovery Error =
| _ y (1 -W) x|
A o]
€ 0
[ 3 0
-é’ 92r ) 1 Missing data recovery error is lower
x ° using the coupled approach at high
1+ é ! , ‘ « 1 amounts of missing data.
® @ OéS) @ é ® @
0 70 80 85 87 90
CP CMTF CP CMTF CP CMTF CP CMTF CP CMTF

Missing Data(%)



Application, (Activity Recommendation): Data fusion can improve missing

data estimation performance

[Data from Zheng et al., 2010]
09
O
o
4
Y

Y

users

features

activities

locations

if user i performs activity j at location Kk,

1
Tiike =
ik {0 otherwise.

CP: min || Wx(X — |A,B,C 2
[nin, [ W+(X ~ [A,B,C])|

X = [A,B,C]

CMTF:

For the missing entries:

Original values Estimated values

Tk T;ik

Average ROC curve
for 80% missing data

1 - . - -
,/
CMTF: AUC 0.77 -

0.8 .
Q =
g
(O] 06 P i
= e
% ,,/
o e
o 04 ,r'
g /’/
[ ”

0.2 //

,/
0k - - - -
0 0.2 04 0.6 0.8 1

False Positive Rate

min | W«(X — [A,B,C]) >+ ¥ - AD"|* + |z - cET |

AB.CDE
X = [A, B, C]

simula



Data fusion can also handle structured missing data effectively

.o“" Cold-start problem: When a new user starts using
65‘" the application, i.e., location-activity recommender
O system, this will correspond to a missing slice for
the new user.
g 2% For the missing slicei (for i=1,2,...,I):
3 Original val Estimated values
X 7z / riginal values using CMTF
locations activities features VeC(qu) VeC(Xi)

Average ROC curve for I=146 users
1

1 if user i performs activity j at location k,
m. . :
ijk 0 otherwise. 0.8
3
o
o 0.6 o
2 ,
We cannot use low-rank approximation of a 8 04
tensor to fill in the missing slice. However, we Q
can make use of additional sources of F 02
information through the coupled model. —— CMTF.0.92
0 s Random
0 02 04 06 08 1

False Positive Rate

A | WHE— A BLCD P+ | ¥ - ADT|*+ |2 - cBT

For coupled analysis using different tensor models and loss functions, see



Summary

Coupled Matrix Factorizations
How to jointly factorize matrices using coupled matrix factorizations
How to handle and estimate missing entries using CMF
Algorithms: Gradient-based optimization algorithms

Coupled Matrix and Tensor Factorizations
How to jointly factorize matrices and higher-order tensors
How to jointly analyze data sets with missing entries and
estimate missing data, with applications from:
Metabolomics
Recommender systems
CMTF enables us to handle and estimate structured missing data
Algorithms: Gradient-based optimization algorithms

MATLAB functions

False Positive Rate

cmtf-opt: Fitting CMF and CMTF to coupled data sets (from CMTF Toolbox)
[Fac, Faclnit, output] = cmtf_opt(X, R, ‘init’, ‘random’, ‘alg’,’ncg’, ‘alg_options’, options);



in |x— ABTI? _ACT|? min_[|X—[A,B,C]|°+|Y - AD'|]?

Model: Optimization Ar%f]c H H + HY AC H A’B’IQD]] [[ . | |
problem 5 5 5

min || W« (X - ABT) "+ || Y — ACT| L min W (X ~[A,B,C)[°+ | Y - ADT|

A
A’B7C 3 ’D

[ Of T - -
1 2 oar 1 i
f(A,B,C)=_[X-ABT| f(A,B,C,D) = - |Xx—[A,B,C]|? |*
2 oo Z i
+%HY—ACTH2 5 +51Y - ADT i
Computation of the V= a2 oy |
function value and 1 e | . o
the gradient fw(AB.C) =, [We (X=ABD T L1 fy(AB,0,D) = LW (X~ [AB,CHIP |4
1 T 2 _acR_ 1 aifl
+alY-act| 45y - anT|? :
adp

Gradient-based

algorithms




Limitation: CMTF assumes that all factors are shared!

In real applications, coupled data sets often have both shared and unshared factors. However,
the CMTF formulation focuses on modeling only shared factors and fails in the presence of both
shared/unshared factors.

Construct coupled data sets
Generate factor c1 Co c3 Minimize fusing CMTF-OPT

matrices NP s a2
xAlI_le,AQIJz +)\3I_b3 f(A,B,C,D) = |x—[A,B,C]|

+|y-ADT|?

£ S S
g- DS

Example 1: All components are shared X1 =Xy =

[
25 [ |

True structure captured!

1 2

components Sim UIa



Limitation: CMTF fails to identify shared/unshared factors!

In real applications, coupled data sets often have both shared and unshared factors. However,
the CMTF formulation focuses on modeling only shared factors and fails in the presence of both
shared/unshared factors.

Construct coupled data sets
c1 Co c3 Minimize fusing CMTF-OPT

- N)\l 1 +)\2IJ2 +)\3IJ3 f(A’B’C’ﬁ) = Hx_ [[AA:B’S]] H2

R
‘d- ST

Generate factor
matrices

Example 2: One shared and one unshared component in each data set [\ \» A3] = [0 1 1]
3

— B [01 02 03] =[1 0 1]
25 I o

2
15 Fails to identify shared

S A and unshared components!
o1

05

1 2 3

components Sim UIa



ACMTF (Advanced CMTF): Structure-Revealing CMTF

[Acar et al., BMC Bioinformatics, 2014]

We reformulate the coupled matrix and tensor factorization problem by having factor matrices
with unit norm columns and explicitly representing the weights of rank-one components in the

formulation. Through modeling constraints/penalties, we let the model identify shared/unshared
components.

Y X
Y ~ AXD' X ~ [\ A, B, C]
CRr
d; dp o
. ~ 0-1 o JR ' ~ )\1 —b1+ e+ )\R —bR
I | » | |
a1 ap aj apr

Structure-revealing model:

HXH1=Z|~T¢|
min _ [|X—[NABC]|2+|Y - AZD 2+ 3|| Al + 8]

A B,CD, X\
s.t.||ar|ls =] brl|lo =|crl|o,=]|dr|,=1forr=1,..,R.
Original CMTF
min X —[A,B,C]||°+|Y - AD'|]?
A B.CD

simula



ACMTF: Unconstrained Optimization

Optimization Problem:

: . 2 B T2
AR X =N A B CHE+ 1Y = ASDT 2+ B[ All + B o 1

s-tlllar o =brlly = llerllo = lldrllo = 1for r=1,... R

Define the objective function:
Add as quadratic penalty terms

f(A2,A,B,C,D) = | X - [\ A,B,C[|°+[|Y —AZD' |2 -I-[B [AllL+Blle |1]+

Replace sparsity penalties with
Smooth Approximation: differentiable approximations

R R
fF(\2,A,B,C,D) =||X—[X\A,B,C]|?+ ||Y—AEDT||2~}E8 S U+ e+8 Y \/a§+e}
r=1 r=1

Compute the gradient and pick a first order optimization method

simula



Sparsity penalties enable us to capture the true structure

Construct coupled data sets

Generate factor c1 Co C3
matrices

Minimize

~ A Mo 2 1 A2 3 .
- e + 2I + 3| CMTF: /(A B,C,D)

AI- u = Ull—dl+02 d +“3|—

a1 ao as
[A1 A2 A3] = [0 1 1]

»ACMTF fF(NE,AB,C,D)

One shared and one unshared

component in each data set: [01 00 03] = [1 0 1]
CMTF ACMTF
3 3
E— —
25 25} 1
2 5l
- 15 .. & _ |
)\i, 0—3 : 11 1.5
L 1} f
il Ii i 1 B
0.5} |
0 :
1 2 3 ob——
) ) components compzonents
Fails to identify shared/unshared components! True structure captured!

“simula



ACMTF: Example

Construct coupled data sets with shared/unshared factors

3Z = [30 20 10 15];
modes = {[1 2 3],[1 4]}:
R =3;

for i=l:length(3z)
Al{i]l = randn{sz({i),R):
for r = 1:R
Blil{z, )= B{i}(:,r)/norm{&{i}{=,x)):
end
end
lambda{l,:) = [1 0 1];
lambda{2,:) = [1 1 0O];
X{1} = full{ktenscr{lambda{l,:)",A(1:3))):
X[2] = tensor(A{ll*diag(lambda(2,:))*A{4]")>

% add noiase

for i=1:2

H{i]} = tenscr{randn{size(X{il})});

E{il = X{i] + 0.1* N{il/norm(M{i}) *norm{X{il);
end

P = length(X):

for p=1:P
Z.object{p]
obj_norms (p)
Z.object{p]

tensor (X{pl}):
norm{Z.cbject{pl)r

Z.object{p}/obj _norms(p)r

end
Z.modes = modes;
Z.3ize = 3Z;

Generate factor
matrices

B ¢

Construct coupled ‘
data sets

Ccq C2 C3

%)\1 1 +)\2IJ2 +)\3IJ3
an

a1 213

dq d ds
~ CTWIIIIII 4_ CifilE::"gb//+F CT3 IIIIII
a1 an as

[A1 A2 A3] = [0 1 1]
(o1 02 03] = [1 0 1] ! 8

Y

X

simula



ACMTF: Example (cont.)

Fit ACMTF using one of the first-order optimization algorithms

optiona = ncg({"defaulta");
cpticna.MaxFuncEvals = 10000;

ocptiocns.MaxIters = 10000;

ocpticons.Stoplcol = le-8;

ocpticna.RelFuncTol = le-8;

optiona.Displayitera = 50;

$ fit ACMTF-OPT

[Fec, FacInit, ocut] = acmtf opt(Z,R,'alg’', 'ncg','alg optiona',opticns, 'init', "'random',

% check weighta for shared/unshared factors
lrec = zeroa(P,R):

for p =1:P
temp = normalize (Fac{pl):
lrec{p,:) = temp.lambda;
end
¥ lrec(l,:)*ob] norms(l) will adjust the weighta and correspond to
% original weights. S5imilarly, compute lrec(2,:)*obj norms(2) to get

¥ welights comparable with lambda(2,:)

¥ compare the factora with the original factor matrices
for i=1:3
corr({Fac{1}.0{i} A{i}}
end
corr{Fac{2}.U{2},A[4])

'beta cp',le-3,

'beta pca', le-3);

simula



CMF models that focus on identification of shared/unshared factors

GSVD (Generalized Singular Value Decomposition) and Adapted
GSVD
Given X e RMXN (pf > N), Y e RPN (P> N),let Z=[X"Y"]T, R =rank(Z)
— A PxN ¢ TS =
Y S = diag(s1,...sn) €R the relation used to identify

th | shared/unshared components
orthogona in genome-scale expression

JIVE (Joint and Individual Variation Explained) data sets

Given X(1) X(2)  XWM) ¢ RIm*xN for m=1, 2, ... M.
joint individual

x (1) (g (Dg(1) A Rr@)

Assumes that joint and
individual parts are orthogonal!

X M) —(gM)g|4 wM)gM) 4 g(M)

BIBFA (Bayesian Interbattery Factor Analysis)
Given X (™), for m=1, 2. BIBFA relies on the following probabilistic model:

= ~ N(O.1 Uniqueness is achieved by
z ~ N(O,I), Y (0.1, assuming maximally orthogonal
z(m) ~ N (O, 1), L x ~ N(Wy, ), components!

AL B g z
x(m) N([A(m)z]+[B(m)Z(m)] )| W= A 0 B(Q)]’yz Zg ’
- Z

shared unshared

»@1) 0
o @)




Case 1 (Easy): All methods can capture the underlying factors well!

Construct coupled data sets

Generate factor

Cc1 Co
matrices
e r %All—bl +A2
aj an
Ip
: d;
................ 3 U]r
aj

One shared and one unshared

A vs. A componentin each data set:
GSVD Adapted GSVD
05 05
0 \WW o 0 -
-0.5 -0.5
10 20 30 40 50 0 10 20 30 40 50
Samples Samples
0.5 0.5
0 I'—\N'\/V\IWW o 0 ”“\/\/'\/\/WM @
-0.5 -0.5
10 20 30 40 50 0 10 20 30 40 50
Samples Samples
0.5 0.5
0 \/"W\J\/"\/\‘J < 0 WWV\/\—J <’
-0.5 -0.5
10 20 30 40 50 0 10 20 30 40 50
Samples Samples
o 1 )
Eel |1 -
& &
O 0.8} 0 08
5| 5
@ ", 2 W
£ 06 . - G <06 —a—c
c e, 2 c I
o s 2 2
© - ! © —— 5
S 04 ., S 04 i
o ", (=
s " @
] i, ©
202 . © 02
s AN 5
] \ 3
7 0 3 0

o

10 20 30

Extracted Components

40 50 2

Extracted Components

many components similar
to the shared component

c3
2 +/\3IJ3

a3z

[)\1 A2 )\3 =[10 1]
[01 02 03] = [1 1 O]

JIVE
05
0 \/\,\/\/V\f\/\/“\r/\f\,\/\;
-0.5
0 10 20 30 40 50
Samples
0.5
0 /‘\N“NWWW
-0.5
0 10 20 30 40 50
Samples
0.5
) N VAPV SOV
-0.56
0 10 20 30 40 50
Samples

Compare

GSVD,

Adapted GSVD,

JIVE, BIBFA, ACMTF
H ~
C
BIBFA
05
o 0 \WMW\;
-0.5
0 10 20 30 40 50
Samples
05
I A W S WV O
-0.5
0 10 20 30 40 50
Samples
05
EEN NV VALY SV Y SOV SV
-0.5
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ACMTF
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o 0 \NM%/V\I\/V
-05
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Samples
05
o 0 W’\N
-05
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05
] NV s WAV ANIPVV DV SN
-05
0 10 20 30 40 50
Samples



Case 1 (Easy): All methods can capture the underlying factors well!

Construct coupled data sets

Generate factor c1 co c3 Compare
...... matrices A M 2] e 2 | A3 b3 GSVD, Adapted GSVD,
I I JIVE, BIBFA, ACMTF

AF ) , . a a3 J— i
: = d; A F el -
R 3 - - U]r + a9 + 0-3 D
Y B I e ;
a

A i One shared and one unshared [A1 A2 )‘3 =[10 1]
VS. i : —
S componentin each data set [01 00 03] =[1 1 0]
GSVD Adapted GSVD JIVE BIBFA
05 05 05 05
0.5 0.5 0.5 0.5
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples Samples
0.5 0.5 0.5 0.5
of A VNV A AN I VY2 A A s WS L NPV V.V & Of VIV AL AN & ol WY VIV AL AAAN
05 05 05 05
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples Samples
05 05 05 05
0 \N\/"\/\’\/\_/\IV\'\_,VV\/\_J < 0 \N\W/N\'W‘W < 0 \M,WW‘W « 0 \M’W\M’W\W
0.5 -0.5 0.5 0.5
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples
P i P ACMTF
05
) a, Casel o Og SN M
lar || |l ar || 1 ) 3 o 10 zgamplegn 40 50
GSVD 1.00*  1.00 1.00 SN/~
Adapted GSVD || 1.00 1.00 1.00 B T B W w
amples
JIVE 1.00 097 1.00 R NS VPR TP
BIBFA 1.00 0.99 1.00 '0‘50 10 20 30 40 50
Sampl
ACMTF 1.00 099 1.00 e




Case 2 (Moderate): BIBFA and ACMTF are competitive!

Generate factor cq c2 c3 €4 Compare

matrices NAlI Ao I_bg A3 I_b3 4 Aq 4 GSVD, Adapted GSVD,

1 2 e al+‘” D S
- Cogeg o ©

JIVE, BIBFA, ACMTF

[A1 A2 A3 A4] =[1110]

A GSVD Adapted GSVD JIVE
VS.
[01 02 03 04] =[110 1]
05 0.2 s . e 02
| B s L. -\ / M &« 0 \ / \
02 02
055 0 20 30 20 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples
05 05 05
' 0 W o 0 MM_W a0 W
05 -0.5
055 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples
0.5 0.5 — 0.5
& 0 - o 0 © 0
05 -0.5
0.8, 10 20 30 a0 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples
0.5 05 0.4p=
R e — R -_— o 02 \\_ﬂ o M
-05 0 L - -
0.5, 0 20 30 20 50 0 10 20 30 40 50 0 10 20 30 40 50
Samples Samples Samples
BIBFA ACMTF
0.2 0.2
© Om-l < 0 \ / \
02 02 AT Case2
0 10 20 30 40 50 o 0 20 30 40 50 rar ase
05 il il EAIE 12 3 4
- 05 T r
o 0 W ' 0 \__/—-\_/
05 05 GSVD 1.00*  0.99*% 1.00 1.00
0 10 20 30 40 50 0 10 20 30 40 50 _
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Case 3 (Difficult): Increase noise level and matrix factorization-based
approaches all fail!

I-p

Generate factor
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Case 4 (Difficult): Make factors highly correlated and matrix

factorization-based approaches all fail! [\ Ao Az Aa] =[1110]

[01 02 03 04] =[1 10 1]
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Uniqueness: There will be cases where ACMTF is not unique!

Construct coupled data sets

Generate factor c e e .
. 1 Minimize
matrices \ A\ (s " a A A)
N}\ A 42 3+ 4 f /\,Z,A,B,C,D
B A

"~ ke

7 +02 +03 4o
K- I
ai

Two unshared components in the [)‘1 )‘2 A3 \g] = [1 10 0]
matrix: [01 09 03 oq] =[1011]

)
|
Two unshared components in the

matrix span the same subspace

. .. - . in different runs returning the
0 b—t : - 4+ same function value.
Since they cannot be recovered
o ¢ ©e on— uniquely, tho_ugh, they cannot be
AT S + compared using the match score
a,ar @ ol anymore.
- 5 v
larillarfl 3
0

1 2 3 4 M
Components SI m u Ia



Applicationg (Chemometrics): Joint analysis of measurements from
multiple platforms has the potential to enhance biomarker discovery

[Acar et al., BMC Bioinformatics, 2014]

Goal: To identify shared/unshared factors in each data set

chemical shifts

Data: 29 mixtures measured using DOSY (diffusion-ordered)

NMR spectroscopy and LC-MS. Mixtures are prepared using peaks
the following five chemicals: @
1
Val-Try-Val Four chemicals are =
* Trp - Gly L.  expected to show € gradient
* Phe up in both types of levels
* Maltoheptaose _ measurements!
* Propanol

|_> Can only be

captured by NMR

simula



ACMTF can capture the chemicals

- : 2 T2
AT X = NAB O+ | Y = ASDT|" 450l + 6ol

s.t.|lar||2 = ||br||2 = ||cr||2 = ||dr|[2 = 1,fOr r =1,.., R

dl d6 chemical shifts
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: 7
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levels
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LC-MS NMR bl Ot o~ Al

-0.5 .
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0 ™
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ﬁadient Level
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ACMTF can capture the chemicals and the design

2
mi X — [\ A,B,C] |2 HY——AEDTH A
A0 X = ABCL? + +81\l1 + Bllolls
s.t.||lar||2 = ||br|l2 = ||cr||2 = ||dr|[2 = 1,for r =1,..., R
C1 Ce
chemical shifts
~A A J6
- crll— . U6I— peaks i 1' -+ 6I
0 ay ag
X
E gradient
levels Val-Tyr-Val Trp-Gly
o 5
LC-MS NMR aq ay ANW\““

0 0
-0.1 -0.2
0 10 20 30 0
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Phe.
5

-- val -Tyr - val . 5
W6ESN 019 Trp-aly ag;’ N\W\W\ ay

Mixtures
Propanol

-- Maltoheptaose 06
W66 0.18  Ppropanol . _A_/NUW
Noise 5 ,

-0.2
0

10 20 30
Mixtures

0 0
NoE7N 024  Phe
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Matrix factorization-based data fusion models fail!
[Acar, Bro, Smilde, 2015]

chemical shifts

i

mixtures

radient
levels

chemical shifts-
gradient levels

mixtures

>
0
2
-
m

Val-Tyr-Val Trp-Gly
0.4 o
03 04
02
- 02|
01
o 0
0.1 -0
0 10 20 30 0 10 20 30
Mixtures Mixtures
Phe. Malto
0.4 0
03 04
02
. 02
0.1
o 0
-0.1 -0
0 10 20 30 0 10 20 30
Mixtures Mixtures
Propanol
X
0.4
02
0
-0
0 10 20 30
Mixtures

Recently more studies on structure-
revealing CMTF models, i.e., Khan et al.,
Machine Learning, 2016; Farias et al., IEEE
Transactions on Signal Processing, 2016.

GSVD
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Different initializations may lead to different solutions!

1.5

1.1
0.9
0.7
0.5
0.3
0.1

The minimum function value:

Out of 250 runs with random initializations + one svd-based initialization, we get the minimum
function value 24 times.

250

f(N,=,A,B,C,D) =0.0134

Local Minimum

200 |-

All runs stop due to the relative change in
the function value set to 10-10
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terms of the application!

Components

Completely wrong results!
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ACMTF reveals chemicals visible in different platforms!

Goal: To identify shared/unshared factors in each data set

tati
Data: Mixtures measured using DOSY (diffusion-ordered) excitation

NMR spectroscopy and LC-MS. Mixtures are prepared using

the following five chemicals: . peaks
o ZEEM
~ o
0\ Val-Try-Val £ 5
W +Trp -Gl - £ gradient &
w th ! MS levels °

chemical shifts

s Maltoheptaose ® (NMR)
¢ Propanol 0o mm (FEM)

NMR f 4\ — o (LCMS)

0.7r

X~ [XNABC] Shared
T among all ™

Y ~ A¥YD

Z =~ [v; A, E, F]

03r-

01r

\ Vak-TyrVal  Trp-Gly




Applicationg (Neuroscience): Joint analysis of signals from multiple
neuroimaging modalities promises to provide a better understanding of
the brain function

The complexity of the human brain often necessitates the use of multiple neuroimaging
techniques to better understand neural activities. Neuroimaging techniques provide

complementary information at different scales. Functional Magnetic

EEG (electroencephalography) Resonance Imaging (fMRI)

Structural oo 5
MRI (sMRI) e [ =
= oA
) W) <G W) W) ) ) )
voxels B [ (Vo] [l e S [Nowl) Banid
voxels

subjects

time samples

Can we jointly analyze these data sets and capture functional/structural patterns
that differ between healthy controls and patients suffering from a disorder?



Joint Independent Component Analysis (jJICA) has been a popular
approach to multi-modal neuroimaging data fusion

Single Electrode:

b""’ time
O Pick a single
o
&0 electrode [Calhoun et al.
(kth electrode) NeuroImage, 2006]
()]
l XeEG
g X, Y]=AS
5
(0]

Multiple Electrodes:
[X1 X5 ... Xx Y] =AS

[Swinnen et al., EUSIPCO, 2014]

QO electrode 1 electrode K
\e,é' Matricization time time voxels
)
s £
9 o X1 e YfMRI
2 5
a 73

However, these approaches do not take into account the potential
multi-linear structure of the EEG data. .
simula



Multi-way structure can be preserved using Coupled Matrix and Tensor
Factorizations

Matrix Factgrization 4 Tensor Factorization based on CP
1

-

aj anrp

R
Y~ ) ard,,T
r=1
I~ ADT

~ [A, B, C]

Y ~ AD' X=[A,B,C]

min || X~ [A,B,C]|*+ Y - AD' |Z

A,B,C,D

Coupled tensor factorizations in neuroscience:
EEG & magnetoencephalography (MEG) [Becker et al., EUSIPCO, 2012; Naskovska et al., EUSIPCO, 2017]
EEG & Gaze data [Rivet et al., TEEE EMBC, 2015]
EEG & fMRI:
Single-subject data coupled in spatial mode [Karahan et al., Proceedings of the IEEE, 2015]

Data from multiple subjects coupled in the subjects mode modeled using CMTF [Hunyadi et al.,
EUSIPCO, 2016]



. . . ) [Acar, Levin-Schwartz,
Our Approach to Multi-modal Neuroimaging Data Fusion calhoun, Adali, 2017]

Data representation: Multi-subject EEG, fMRI and sMRI data coupled in the subjects mode:
electrodes voxels

voxels

2
¥}
=
a
3
7}
time
o spatial activity pattern
. 4 . : <"
Model: Structure-revealing CMTF S time signature ", CR
X
(9
& b
o 8 b+ AR /— 1
9 temporal l
2 ignat
X ~ [[)\, A, B, C]] 3 signature ap
subject-specific
coeff.
" voxels dl d R
_I_ "8' ) ~ O-l + -+ O-R
Y ~ AX¥XD ) YR ~ spatial signature
a in higher resolution
same subject-a:l aR
specific coeff.
. voxels e eRr
—~ n
Z ~ AT'E g _m + -+ YR
oy ~ structural signature
Modeling Assumption: @ I in high resolution I
Subject coefficients are the same subject-— 1 aR

same in all modalities! specific coeff.



Construction of Coupled Data sets: Feature Extraction

Healthy controls and Patients with schizophrenia
From an auditory oddball task (AOD)

tone,

sweep,
@ wihistle

=) =) =) =) =) =) ) =)

[Standard| [Standard| [Target| [Standard| [Standard] [Standard] [ Novel] [Standard|

T =

fMRI time series images Task-related contrast images

- G

sMRI images Segmented gray matter images

subjects

electrodes voxels

voxels

Y fMRI

ZSM RI xEEG

time

Averaged ERP
Waveform

Event related potential (ERP)



Experimental Setting

Models:
CP Model to analyze multi-channel EEG
3 electrodes : Cz, Pz, Fz
11 electrodes : AF3, AF4, Fz, T7, C3,
Cz, C4, T8, Pz, PO3, PO4
62 electrodes excluding VEOG/HEOG

Left preauricular Right preauricular

Structure-revealing CMTF to jointly

analyze EEG-fMRI electrodes 60K voxels
300K voxels )
f YvRI
Q -
Structure-revealing CMTF vs. Joint ICA E &
3
")}

to jointly analyze EEG-fMRI-sMRI 51

time samples
Algorithms: Multiple random starts are used to deal with the local minima problem
CP: CP-OPT (Tensor Toolbox)

Structure-revealing CMTF: ACMTF-OPT (CMTF Toolbox)
Joint ICA: ICA (Entropy Bound Minimization [Li & Adali, IEEE Trans Signal Process, 20101)

We study

 which electrodes to choose

+ added value of joint analysis

- structure-revealing CMTF vs. jICA Simula



EEG only: CP captures statistically significant factors

9
¥ time

subjects

Number of components: R = 3

Significant components identified using a
two-sample t-test on the columns of A

22 ")
healthy ©
%
16 -
patients

Meaningful components, in particular,
Compl: N2-P3 transition

Highest statistical significance
with 11 electrodes
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relative voltage
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Component, 1
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0 200400600
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t\s //h 1
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1
2
- 3 =
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EEG coupled with fMRI: Structure-revealing CMTF captures meaningful
temporal & spatial patterns with high resolution

Sy

& spatial 07—l \ERP)
‘ob time signature ¢ temporal cR B (iMR1)
& signature 051
b
9 ~ )\1 —1 + ... + AFi’: _bR
0 0.3}
% ject-specific
3 - - 1
o coeff. AR o1l
mvoxels 1.2 3 45 6 7 8 910
i+ O'l . Components
() -
N YrvR spatlal S|gnature in 11-electrodes d5
F higher resolution b
same subject- 21 n ; . . 5 . . \ /ar
specific coeff. & : (%,_2_
) T Q<3
X ~ [\ A B, C] Y ~ ASD € S 0
ao |
E2F °
Number of components: R = 10 cSvo , , , . ,
(&) & = 900 0 2_<I)IQ zg)o 600 800
- g - . - milliseconas
Significant components identified using a
two-sample t-test on the columns of A - b
‘ ‘ 5
22 " Ne o T
e R
healthy © "=
) Qi g o
np— -
9 0T O
16 g n_g = ol
patients £ 0
0% 2 4 ' ' ' '
o7 -200 0 200 400 600 800
Q milliseconds

Meaningful components
Comp5: P2/P3 peaks in EEG, fMRI activation in the superior parietal and visual cortex
Comp?7: N2 -P3 transition in EEG, DMN (Default Mode Network) activation in fMRI



EEG coupled with fMRI & sMRI: Structure-revealing CMTF captures
meaningful temporal & spatial patterns + structure information!

spatial 0.7F Il (ERP)
009 i i - (tvRI)
O time signature ¢ temporal cp C1. R
\0&" signature 0.5
4 b
1 b
2 ~ )‘1I— + i + AR pemlR os
U .
2
B S e
bject-specific aq
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= B ~~ spatial signature in . -
3 M P gnaty Significant components—based on two-sample t-test on dr
7} higher resolution
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P voxels specific coeff. e1 erp ™ 3
g ~ + - + TR e x|
3 ZSMRI ~~ structural signature ;I:) A Y
()] o O % 0
- al o as .§
same subject ap £ 3 51
specific coeff. 8 ‘>“ & |
0 200 400 600
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Number of components: R = 10
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EEG coupled with fMRI & sMRI: Joint ICA also captures components
differentiating between patients and controls!

&S electrode 1 electrode K
e}é; Matricization time time voxels voxels
(0]
@ © ;
L ERSE ----
Q2 =
a ()]
\ J
|
Modeling Assumption: [(X(1)YZ] =~ AS
« Subject coefficients are the same
in all modalities!
* Rows of S are assumed to be - based | a
statistically independent . Significant components—based on two-sample t-test on ar
-5 EEG SMRI
) i . i J / o\ 7 Van
c X -3
Q9o ,,
25
Number of components: R = 10 E2 5
o S 1
o7 ,

Compl: N2 peak in EEG, fMRI
activation in the superior parietal
cortex, gray matter concentration
in the cerebellum

'
-

Comp2: N1, P2, N2 peaks and N2-
P3 transition in EEG, fMRI
activation in the motor cortex and
temporal lobe, gray matter
concentration in the cerebellum

-

relative voltage
o

N

0 200 400 600
milliseconds

Component 2
p-value: 3.6 x 103



Clustering measures demonstrate the added value of fMRI and clearly
the performance difference between ACMTF and joint ICA

Y ~ AgemntfED!

Z ~ AgemiTET

Data Sets # of Performance of k-means
electrodes

Accuracy F-  Purity Normalized Mutual
Added value of fMRI (%) score Information

EEG (cp 3 79 0.78 0.79 0.28 h
(38 subjects) cP 11 79 0.80 0.79 0.42

.cP 62 79 0.80 0.79 0.42 )
EEG -fMRI ACMTF 3 82 0.76 0.82 0.31 N
(38 subjects) ACMTF 11 87 0.84 0.87 0.43

ACMTF 62 87 0.86 0.87 0.47
EEG- fMRI - SMRI ACMTF 11 88 0.81 0.88 0.43 ]
(32 subjects) JointICA 11 81 0.77 0.81 0.34

*best performance out of all possible combinations of components



ACMTF can be formulated as a constrained optimization problem

In order to have a flexible modeling framework, we use a

general-purpose optimization solver SNOPT (Sparse

Nonlinear OPTimizer) min  ¢(z)
zeR™
SNOPT is designed for large constrained optimization L
. . . _ o s.t. [ < | Ax | <u
problems with smooth nonlinear functions in the objective ()

and constraints.
where c(x) indicates nonlinear

functions, and A is a sparse matrix.

SNOPT uses a sequential quadratic programming (SQP)
algorithm to minimize an augmented Lagrangian.

Structure-revealing CMTF model:

min _ |X—[\A,B,C]|°+||Y —A=D" |?
A.B,C,D,X )\

s.t. Jlarlp=brlly=lcrll2=1dr[>=1

R R
DM <B, Y or<B
r=1 r=1

O-T,Afr' Z O,fOI’ 7 — 1, ...,R.

simula



Additional constraints are easily incorporated

In many data fusion problems, we may need the following constraints to capture the underlying
structures accurately and improve the interpretation.

chemical

N shifts

Nonnegativity Constraints: (;,\°
-9

min X —[\AB,ClI°P+ Y —AEDT |2
A,B,C,D,E,A” [ [+ I

%

s.t. Jarla=1brly=crlp=1drllp=1
R R
YoM <B, Y or<B
r=1 r=1

UT!AT' > OabjTackradTnT >0
fOI’T:]_IR,j:]_:J,kzj_;K’m:l:M_

samples

excitation

Angular Constraints: When coupled data sets are overfactored, one shared factor may be
represented by two closely-correlated factors. In that case, the structure-revealing model will
fail to identify shared factors accurately.
min | X=[\A,B,Cl|I°+ || Y - AZD' |]?
A B,CD,2\
s.t. Jarlz=|brlz=lcrlx=1drl>=1
|37Tap| <90, |b7pr| <90, |CvTC;0‘ <0, |d7po| <0

R R
Z Ar < B, Z or < f8
r=1 r=1
or,Ar >0 forr,pe {1: R}, r#np.

simula



Angular constraints have a promising performance in the case of
overfactoring! M\ Ao As] = [0 1 1]

Construct coupled data sets [01 00 03] = [1 O 1]

Generate factor c1 €2 C3

matrices ' ~ A1 1 +)\2IJ2 +)\3IJ3
B ¥
-0 L.

d

g + 09 + 03 3 Solve for A, B, C, D, A, and £
using constrained optimization
a1 ap as
Overfactoring (R=4): Angular Constraints Inactive Angular Constraints Active
6 = 0.25
1 . 1
a
0.5 I l I I l ‘ 0.5 l
0 1 : :2 3 4 0 1 :2: 3:
Match score: 1 - ? T 1 - -
éi,,.Tar
~ 0.5} 0.5
| ar [ ||l ar ||
0 7 > 3 7 0 7 ‘; 3 7

Components Components



Summary

Structure-revealing data fusion models L/WWWW W\-nn

Structure-revealing CMTF (ACMTF)

Reformulation of CMTF to identify shared/unshared factors . M\j\ﬂ\l\wv\ 'Z:_AM_/W\./\

Can handle missing data just like CMTF R T

oooooooo

Comparison of ACMTF with matrix factorization-based iy
structure-revealing fusion models _M‘MW

Algorithms:
Unconstrained optimization: Gradient-based
optimization algorithms
Constrained optimization: Using SNOPT, we have ZsMRI
a more flexible modeling framework

Applications:
Chemometrics/ metabolomics
Neuroscience

MATLAB functions
acmtf-opt: Fitting an ACMTF model to coupled data sets (from CMTF Toolbox)

[Fac, Facinit, output] = acmtf_opt(X, R, ‘init, ..., ‘alg’,..., ‘alg_options’, ..., ‘beta_cp’, ..., ‘beta_pca’, ....);
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R R
+ B3 VAT +e+BY Vor+e
r=1 r=1
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algorithms




Models & Algorithms Applications

Matrix/Tensor I

factorizations z/—+|/—+...+ /— Recommender
I I Systems

-ZI_ +I_+___+I_ ﬁ zl/_+l/_+"'+l/_:

m ~ |_+|_+...+|_ ] Neuroscience

Data fusion Chemometrics/

Metabolomics

For what we have not discussed (rank, uniqueness, more on algorithms and
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JODA: Joint Data

www.models.life.ku.dk/joda

Prototypical Experimental Coupled Data Sets

emission
wavelength

features

Data:

mixtures

chemical
shifts Toolbox.

In order to learn about the coupled models in the toolbox and see example scripts showing how to use CMTF and ACMTF, please visit the examples page.

The MATLAB CMTF Toolbox

‘What is new in Version 1.1? (Dec., 2014)

Analysis for Enhanced Knowledge Discovery

MATLAB CMTF Toolbox: ‘

f— Compatibility with sptensor is added to make CMTF_OPT and ACMTF_OPT work with tensors in sptensor form.

TESTER_CMTF and TESTER_ACMTF have been modified to have the option of generating data sets in dense or sparse tensor format.

Data from multiple sources often have shared and unshared underlying structures. For instance, when samples are measured using different analytical technigues, some
chemicals are visble to several analytical techniques whereas some chemicals can be captured only using a specific analytical method. In order to have a prototypical example
of such coupled data sets with shared/unshared underlying structures, we have measured a set of mixtures with known chemical compaosition using different analytical
techniques, i.e., fluorescence spectroscopy, NMR (Nuclear Magnetic Resonance) spectroscopy and LC-MS (Liquid Chromatography - Mass Spectrometry).

entries.

CREATE_COUPLED_SPARSE function has been added to generate coupled sparse data sets using sparse factor matrices.

For smooth approximation of the l1-terms in SCP_FG, SCP_WFG, SPCA_FG, SPCA_WFG, eps is set to 1e-8.

The MATLAB CMTF Toolbox has twao different versions of the Coupled Matrix and Tensor Factorization (CMTF) approach used to jointly analyze datasets of different orders: (i}
CMTF and (i) ACMTF. First-order unconstrained optimization is used to fit both versions. The MATLAB CMTF Toolbox has the functions necessary to compute function values
and gradients for CMTF and ACMTF. For the optimization routines, it uses the Poblzno Toolbox. The Tensor Toolbox i alko needed to run the functions in the MATLAB CMTF

TESTER_CMTF_MISSING and TESTER_ACMTF_MISSING functions have been added to demonstrate the use of CMTF_OPT and ACMTF_OPT with data sets with missing
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